Three formulations for a flexible spatial beam element for dynamic analysis are compared: a finite element method (FEM) formulation, an absolute nodal coordinate (ANC) formulation with a continuum mechanics approach and an ANC formulation with an elastic line concept where the shear locking of the asymmetric bending mode is suppressed by the application of the Hellinger-Reissner principle. The comparison is made by means of an eigenfrequency analysis on two stylized problems. It is shown that the ANC continuum approach yields too large torsional and flexural rigidity and that shear locking suppresses the asymmetric bending mode. The presented ANC formulation with the elastic line concept resolves most of these problems.
Introduction
Several finite element method (FEM) formulations for spatial finite beam elements to be used in multibody system dynamics programs can be found in the literature. A common approach is to use a small displacement formulation with respect to a reference frame that describes the overall rigid body motion of the beam [1, 2] . In order to reduce the number of degrees of freedom, a limited number of assumed modes for the deformations are chosen. The linear contribution to the stiffness matrix due to pre-stresses can be included by adding a geometric stiffness matrix [3] .
A different way to describe the motion of the elements is by using nodal coordinates that describe the configuration of the element with respect to an inertial reference frame. This approach is more in line with traditional non-linear finite element formulations used in statics. A convenient element formulation was given by Van der Werff and Jonker [4] , which was implemented in the program SPACAR [5] and extended further in Meijaard [6] . A number of generalized deformations are defined that are invariant under rigid body motions, so arbitrary rigid body motions can be described. On the other hand, the so-called absolute nodal coordinate (ANC) formulation was recently proposed by Shabana [7] . This formulation describes the position of a material point within the element by interpolations based on the Cartesian absolute coordinates of the nodal points and on gradients of these positions with respect to a reference configuration. This leads to constant mass matrices for the elements, at the cost of a more complicated description for the stiffness.
The purpose of the present paper is to make a comparison between the finite element formulation for a two-noded spatial beam as described in [6] and a corresponding absolute nodal coordinate formulation as given in [8, 9] . It will be shown that the continuum mechanics formulation given by [9] has some fundamental shortcomings. It is not possible to describe the warping of the cross-section, so the shear stiffness lacks a shear correction factor and the torsional rigidity is too large for non-circular cross-sections of the beam. Furthermore, the anticlastic defor-mation of the cross-section cannot be described, so the resulting flexural rigidity is too large, and the shear deformation and bending deformation are coupled for antisymmetric bending, so effectively the beam has only a single bending mode. A modification of the absolute modal coordinate formulation that is described in [8] , with a stiffness description based on the elastic line concept, is also included in the comparison. The modifications consist of the inclusion of in-plane deformations of the cross-section, so the linearized stiffness matrix has the appropriate rank, and the elimination of the coupling between bending and shearing for the antisymmetric bending mode by means of a Hellinger-Reissner [10] formulation. In order to limit the efforts in the comparison and to show the main differences in the formulation clearly, only linearized eigenfrequencies for a single beam are compared.
The organization of the paper is as follows. After this introduction, the FEM formulation and subsequently the ANC formulation and the proposed modifications are described. Then results on the eigenfrequencies of two stylized problems are presented and discussed. The paper ends with some conclusions.
FEM Beam
The finite beam element is a Timoshenko beam based on the elastic line concept. This means essentially that the beam is slender and the cross-section is doubly symmetric and more or less solid. The presentation of the element mainly follows [6] .
The configuration of the element ( Fig. 1) is determined by the position and orientation of the two end nodes, by which it can be coupled to and interact with other elements. The positions of the end nodes p and q are given by their coordinates x p and x q in a global inertial system Oxyz, whereas the orientations are determined by orthogonal triads of unit vectors (e The unit vector e x is perpendicular to the average warped cross-sectional plane of the beam in the sense of Cowper [11] , and e y and e z are in the principal directions of the cross-section.
In the absence of shear deformations, e x is tangent to the elastic line of the beam. The change in orientation of the triads at the end nodes is determined by an orthogonal rotation matrix. This matrix can be parametrized by a choice of parameters, denoted by ϑ ϑ ϑ, such as, Euler angles, modified Euler angles, Rodrigues parameters and Euler parameters. In the SPACAR [5] software system we use Euler parameters, but this choice is immaterial to the description of the properties of the element.
Elastic Forces
The elastic forces are derived with the elastic line concept. To prevent shear locking, the shear deformation will be directly tied to the bending. Such a modification of the bending stiffness can already be found in the book by Przemieniecki [12] .
The element has 6 degrees of freedom as a rigid body, while the nodes have 12 degrees of freedom. Hence the deformation that is determined by the end nodes of the element can be described by 6 independent generalized strains, which are functions of the positions and orientations of the nodes and the initially undeformed geometry. With l = x q − x p and l the length of the undeformed beam, we define the 6 generalized strains as
(bending in xy-plane) (1) These generalized strains, which may be compared to what Argyris called natural modes [13] , are invariant under arbitrary rigid body motions, so they truly measure the amount of strain in the element. If we group the positions and orientations of the nodes in a vector x = (x p , ϑ ϑ ϑ p , x q , ϑ ϑ ϑ q ) and denote the vector of generalized deformations by ε ε ε, then we can write for the generalized strains (1) symbolically
The dual quantities of the generalized strains ε ε ε are the generalized stresses σ σ σ. The physical meaning of these stresses is found by equating the internal virtual work of the elastic forces σ σ σ T δε ε ε to the external virtual work f T δu of the nodal forces. Substitution of the virtual generalized strains derived from (2) results in
with the small nodal displacements and rotations u T = (u pT , ϑ ϑ ϑ pT , u qT , ϑ ϑ ϑ qT ), and a subscript after the comma to denote partial derivatives. From this we derive the force equilibrium conditions for the element as
In the case of small deformations, the generalized stresses have a clear physical meaning. As the deformed and undeformed geometry are nearly the same, we consider the undeformed situation in which the beam central axis coincides with the global x-axis. For the rotational parameters ϑ ϑ ϑ we choose the small rotations about the three coordinate axes ϕ x , ϕ y and ϕ z . The Jacobian of the generalized strains then takes the values 
The equilibrium nodal force system according to (4) is then given by
From this result we interpret that σ 1 is the normal force, σ 2 l is the torsion moment, and σ 3 l, σ 4 l, σ 5 l and σ 6 l are the bending moments at the nodes p and q.
If for each beam element the strains remain small by dividing the overall beam in sufficiently many elements, then the usual linear stress-strain relation can be applied which results for the generalized stresses and strains in
where the stiffness
Here, E is the modulus of elasticity (Young's modulus), G is the shear modulus, A is the area of the cross-section, S t is the torsional stiffness, I y and I z are the area moments of inertia of the cross-section with respect to the principal axes, and k y and k z are the shear coefficients according to Cowper [11] . Note that the inclusion of the shear deformation is done by a slightly modified stiffness matrix [12] . This tying of the shear deformation to the bending by means of the statics of the beam prevents problems of shear locking. Finally the element stiffness matrix is obtained by taking partial derivatives of the nodal forces f with respect to the small nodal displacements u, resulting in a tangent stiffness matrix
which consists of two parts. The last part is the geometric stiffness matrix, which, evaluated in the undeformed and unstressed geometry, is identical to zero, and the first part is the linear stiffness matrix
Inertia Forces
The derivation of the consistent mass formulation for the flexible spatial beam element is based on the elastic line concept. To arrive at a Timoshenko beam the rotary inertia of the cross-section will be included by a separate interpolation of the orientation of the cross-section along the elastic line.
The interpolation for the positions on the elastic line for finite deformation is taken as
where ξ = x/l. The first part of the mass matrix is obtained by evaluating the integral
where m is the total mass of the beam. If the rotations at the nodes are parametrized by ϑ ϑ ϑ p and ϑ ϑ ϑ q , this results in a mass matrix
and inertia terms which are quadratic in the velocities [6] , where
Clearly the mass matrix is not constant and moreover, the equations of motion contain convective inertia forces. The second part of the mass matrix takes into account the rotary inertia of the cross-section. The rotations of the cross-section along the elastic line are interpolated in the same manner as the elastic line but with the inclusion of the shear deformation resulting in
where the small nodal displacements and rotations are given by
If we denote the mass moment of inertia along the principal axes of an infinitesimal small section by dI x , dI y and dI z then the following integral s=l s=0
(δφ x dI xφx + δφ y dI yφy + δφ z dI zφz ),
results in a mass matrix with the contributions of the rotary inertia of the cross-section. If the principal dimension of the crosssection is h, then this contribution is of the order (h/l) 2 compared with the entries of the regular mass matrix (13).
ANC beam
In this section a two node spatial beam element according to the absolute nodal coordinate formulation will be presented. Here we follow mainly the description by Shabana and Yakoub [8, 9] .
A distinguishing point in the ANC formulation is the usage of slope vectors to describe the orientation of the cross-section in the nodes, where the slope vectors are not necessarily unit vectors. This leaves more room for the cross-section to deform and change shape. It is expected [8, 9] that this type of description, together with a three-dimensional continuum mechanics approach, leads to more accurate results. A well-known major advantage of this description is that it leads to a constant mass matrix. Unfortunately, the expressions for the elastic forces are more complex. The configuration of the beam element (Fig. 2) is determined by the position and orientation of the two end nodes p and q. Each node is defined by one vector for the position r and three vectors for the slopes r x , r y and r z , where every vector is expressed in a global inertial system Oxyz. Thus the element has 24 nodal coordinates given by the vector 
The location of an arbitrary point r in the beam is determined by the interpolation
where S is the element shape function and e is the vector of nodal coordinates. The shape function is obtained using polynomials which are in this case cubic in x and linear in y and z, where the x-direction is initially along the central axis of the beam. The element shape function matrix S is now defined as
where I is the 3 by 3 identity matrix and the polynomials
with the non-dimensional coordinates 
with fixed triads (e x , e y , e z ) of the global inertial system Oxyz. Indeed, substitution of e 0 in (23) leads to the identities r 0 = (x, y, z) T .
Elastic Forces, continuum approach
The elastic forces are derived from a general continuum mechanics approach. We start from the displacements u of an arbitrary point of the beam expressed in the global Oxyz coordinate system as given by
Substitution of these displacements in the Green-Lagrange strain tensor
where partial derivatives are denoted by u x,y = ∂u x /∂y . . ., leads to the strain tensor expressed in the absolute coordinates r and their derivatives as
(27) From this we identify 6 independent strain components which we write in the form of a strain vector ε such that the vector dot product 1 2 σ σ σ T ε ε ε represents the elastic energy. This strain vector is now
The virtual work of the elastic forces now can be written as
Under the assumption of a linear elastic isotropic material the stress vector σ σ σ is related to the strain vector as
where the non-zero elastic coefficients E are given by
Equating the virtual work of the elastic forces with the virtual work of the external nodal forces Q as in
yields the elastic nodal forces expressed in terms of the nodal displacements
The tangent stiffness matrix is obtained by linearizing the elastic forces with respect to the nodal displacements
The last matrix is the geometric stiffness matrix, which evaluated in the undeformed and unstressed geometry is identical to zero, whereas the first matrix is the linear stiffness matrix
Finally, we will evaluate the linear stiffness matrix in the undeformed geometry. With the notion that the slopes in the initially undeformed geometry are identical to the global directions ) the partial derivatives of the strain vector evaluated at this initial undeformed configuration become
Substitution into (35) and evaluating the integral over the volume of the beam leads to the desired linear stiffness matrix
Inertia forces
The absolute nodal coordinate formulation leads to inertia forces which can be expressed as the product of a constant mass matrix times the accelerations of the nodal coordinates. There are no inertia forces which are quadratic in the velocities. The constant mass matrix is defined as
The above integral defines a mass matrix which only depends on the mass distribution and the dimensions of the beam and, under the assumption of a consistent shape function, captures all linear and rotary inertia effects.
Elastic forces, elastic line approach
As an alternative to the general continuum approach [9] where we suspect the forces to show shear locking, we propose to derive the elastic forces for the beam from an elastic line concept. For the interpolation of points of the beam we will still use the same cubic/linear form as in the continuum approach (19, 20) but all deformations, extension, shear, torsion, and bending, will be evaluated on the elastic line.
First we define the slopes on the elastic line as
With these slopes we define 9 generalized deformations
where a prime denotes a derivative with respect to x. The first four, ε x , ε y , ε z and γ yz represent the extension of the beam and the deformation of the cross-section, γ xy and γ xz are the transverse shear deformations, κ x is the torsion, and κ y and κ z are the bending deformations.
The strain energy W e of the beam is the sum of the strain energies of the extension and deformation of the cross-section
with the strainsε i = (ε x , ε y , ε z , γ yz ) and the elasticity coefficients E i j as in (31), the transverse shear deformation
and the torsion and bending
making W e = W l +W s +W t +W b . With the cubic/linear interpolation on the elastic line according to (20) and (40) we suspect that adding the contribution of the shear deformation according to (43) will result in shear locking. Therefore we propose to add the shear stiffness by means of the Hellinger-Reissner principle [10] . In this approach we are free to define both the displacements field and the stress distribution. This can be very advantageous if the stress distribution, usually from an engineering point of view, is known beforehand. In the case of pure shear deformation we assume that the shear forces will vary linearly over the elastic line of the element. The strain energy of the shear deformation is the sum of the shear in the y and the z direction. We start with shear forces in the z direction, and assume a linear shear stress distribution according to,
with the shape function
and the nodal shear stresses
The strain energy according to he Hellinger-Reissner principle is
where W c is the complementary shear stress energy according to
with shear factor k z to account for the fact that the shear stress is not uniformly distributed over the cross-section [11] . Substitution of the linear shear stress distribution from (45) results in a strain energy
with the shear strain distribution γ xz according to (41). For this shear strain energy we seek a stationary value with respect to the generalized shear stress parameters τ τ τ * , resulting in
Integration over the volume yields
with the energy terms
which are in general non-linear functions in the nodal coordinates e and the constant coefficient matrix
From this we can solve for the generalized shear stress parameters
Substitution in the original shear energy function yields the shear energy according to the Hellinger-Reissner principle
The shear strain energy for shear forces in the y directions, W * sy can be derived in the same manner resulting in a total shear strain energy function of
The strain energy for the beam with the adapted shear stiffness according to the Hellinger-Reissner principle now becomes
The linear stiffness matrix is found in the same manner as in Section 3.1. The elastic forces are determined from equating the variation of the elastic energy with the virtual work of the nodal forces
Then the linear stiffness matrix is found by linearizing the elastic forces with respect to the nodal coordinates at the undeformed reference configuration
Because the elastic energy is a direct sum of contributions due to extension, shear, torsion, and bending the same holds for the stiffness matrix. The individual contributions to the stiffness matrix are, for the extension 
for the torsion
and for the bending
(EI y (κ y,e ) 0T (κ y,e ) 0 )dξ + l 1 0 (EI z (κ z,e ) 0T (κ z,e ) 0 )dξ.
(64) The partial derivatives of the generalized strains with respect to the nodal coordinates in the initially undeformed configuration take on even simpler forms as in (36) Table 2 . Eigenfrequencies for a cantilever beam.
Conclusion
In this paper some formulations for a flexible spatial beam have been compared. In general, the FEM formulation gives good results for the linearized case. Some shortcomings in the spatial beam formulation given by [9] were found, especially that it yielded too large torsional and flexural rigidities and that shear locking effectively suppressed the asymmetric bending mode. An elastic line ANC formulation, along similar lines as in [8] has been proposed. This formulation yielded better torsional and flexural rigidities. The shear locking of the asymmetric bending mode could be suppressed by the aid of the application of the Hellinger-Reissner principle; the problem of the proper imposition of clamped boundary conditions remains.
As a direction of future research, it is desirable to develop the spatial beam ANC formulation based on the elastic line concept further.
